Quantum Kagome Ice by Carrasquilla, Juan et al.
Quantum Kagome Ice
Juan Carrasquilla,1, ∗ Zhihao Hao,2 and Roger G. Melko1, 2
1Perimeter Institute for Theoretical Physics, Waterloo, Ontario, N2L 2Y5, Canada
2Department of Physics and Astronomy, University of Waterloo, Ontario, N2L 3G1, Canada
(Dated: July 2, 2014)
Actively shought since the turn of the century, two-dimensional quantum spin liquids
(QSLs) are exotic phases of matter where magnetic moments remain disordered even at
extremely low temperatures. Despite ongoing searches, QSLs remain elusive, due to a
lack of concrete knowledge of the microscopic mechanisms that inhibit magnetic order
in real materials. Here, we study a theoretical model for a broad class of frustrated
magnetic rare-earth pyrochlore materials called “quantum spin ices”. When subject
to an external magnetic field along the [111] crystallographic direction, the resulting
spin interactions contain a mix of geometric frustration and quantum fluctuations in
decoupled two-dimensional kagome planes. Using large-scale quantum Monte Carlo
simulations, we identify a simple set of interactions sufficient to promote a groundstate
with no magnetic long-range order, and a gap to excitations, consistent with a Z2 spin
liquid phase. This suggests a systematic experimental procedure to search for two-
dimensional QSLs within the broader class of three-dimensional pyrochlore quantum
spin ice materials.
INTRODUCTION
In a two-dimensional (2D) quantum spin liquid (QSL)
state, strong quantum fluctuations prevent the order-
ing of magnetic spins, even at zero temperature. The
resulting disordered phase can potentially be a re-
markable state of matter, supporting a range of ex-
otic quantum phenomena. Some, such as emergent
gauge structures and fractional charges, are impli-
cated in a wide range of future technologies like high-
temperature superconductivity1,2 and topological quan-
tum computing.3 It is therefore remarkable that, despite
extensive examination of the basic theoretical ingredients
required to promote a 2D QSL in microscopic models,4,5
the state remains elusive, with only a few experimental
candidates existing today.6,7
Recently, the search for QSL states has turned to
consider quantum fluctuations in the so-called spin ice
compounds.8 In these systems, magnetic ions reside on
a pyrochlore lattice—a non-Bravais lattice consisting of
corner-sharing tetrahedra. Classical magnetic moments
(described by Ising spins) on the pyrochlore lattice can
be geometrically frustrated at low temperatures, lead-
ing to spin configurations that obey the so-called “ice
rules”, a mapping to the proton-disorder problem in wa-
ter ice9. The ice rules result in a large set of degenerate
ground states – a classical spin liquid with a finite ther-
modynamic entropy per spin.10,11 Two canonical mate-
rials, Ho2Ti2O7 and Dy2Ti2O7, have been demonstrated
to manifest spin ice behaviour, and experiments and the-
ory enjoy a healthy dialog due to the existence of classical
microscopic models capable of describing a wide range of
experimental phenomena.10
Classical spin ice pyrochlores are conjectured to lead
to QSLs in the presence of the inevitable quantum fluc-
tuations at low temperatures.4,8 The effects of certain
types of quantum fluctuations on the spin ice state have
been investigated theoretically12 and numerically,13,14
where they have been demonstrated to lift the classi-
cal degeneracy and promote a three-dimensional (3D)
QSL phase with low-energy gapless excitations that be-
have like photons.12,13 In several related pyrochlore com-
pounds, particularily Tb2Ti2O7, Yb2Ti2O7, Pr2Zr2O7,
and Pr2Sn2O7, quantum effects have been observed,
which make them natural candidates to search for such
3D QSLs.15–17 In an attempt to elucidate the micro-
scopic underpinnings of these and related materials, re-
cent theoretical studies have produced a general low-
energy effective spin-1/2 model for magnetism in rare
earth pyrochlores.18–20 In an important development,
Huang, Chen and Hermele21 have shown that, on the
pyrochlore lattice, strong spin-orbit coupling can lead to
Kramers doublets with dipolar-octupolar character in d-
and f -electron systems. This allows for a specialization
of the general effective model to one without the debil-
itating “sign problem” – amenable to solution through
quantum Monte Carlo (QMC) methods – thus admitting
a systematic search for QSL phases via large-scale com-
puter simulations.
A QUANTUM KAGOME ICE MODEL
While the possibility for 3D QSLs in the above com-
pounds is intriguing, spin ice materials offer a compelling
mechanism for dimensional reduction to 2D, since single-
ion anisotropy constrains magnetic moments to point
along the local tetrahedral symmetry axes in the py-
rochlore lattice. This mechanism consists of the appli-
cation of an external magnetic field along the global [111]
crystallographic direction that partially lifts the spin ice
degeneracy by “pinning” one spin per tetrahedron. As
illustrated in Fig. 1a, this [111] magnetic field effec-
tively decouples spins between the alternating kagome
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FIG. 1. From pyrochlore spin ice to kagome ice. (a) The pyrochlore lattice viewed as a set of alternating kagome
(blue) and triangular (green) layers along the [111] direction. Spins on the pyrochlore lattice satisfy the “ice rules”: two-in,
two-out of each tetraheron. (b) Two-dimensional projection of the pyrochlore spin configuration onto a kagome plane. At the
center of each triangle is a representation of the out-of-plane spin: dots (crosses) refer to a spin pointing inward (outward) of
each tetrahedron in (a). (c) The associated pseudo-spin Sz configuration of Eq. (1) where, filled (empty) circles represents a
pseudo-spin up (down). Our QMC simulations of the pseudo-spin Hamiltonian are defined on periodic tori spanned by the
primitive vectors a1 and a2, where ‖a1‖ = ‖a2‖ = 2.
and triangular layers of the original pyrochlore struc-
ture. To simplest approximation, the system becomes
a two-dimensional system of stacked kagome planes,22–25
where spins on the intervening triangular planes align in
the direction of the field (becoming energetically removed
from the problem), while those in the kagome plane re-
main partially disordered. These kagome spins retain a
fraction of the zero-field spin ice entropy, though still pre-
serving the spin ice rules (two-in, two-out) of the parent
pyrochlore system. This leads to classically disordered
state, termed “kagome ice”,22,24–26 evidenced to date in
several experimental studies on spin ice materials.27–29
The above observations lead to a natural microscopic
mechanism to search for 2D QSL behaviour.30 First, one
begins with classical nearest-neighbor spin ice in an ap-
plied [111] field, so as to promote the aforementioned
“kagome ice” state. This model maps to a projected
pseudo-spin Ising model with a symmetry-breaking Zee-
man field h, arising from a combination of the physical
[111] field and the original pyrochlore spin exchange in-
teraction (Fig. 1c). For moderate h, the classical ground
state retains an extensive degeneracy, before becoming a
fully-polarized ferromagnetic state for h/Jz > 2. Next, to
include the effect of quantum fluctuations, one may add
exchanges from the recent quantum spin ice models.18–21
We consider only those quantum fluctuations discussed
by Huang et. al.21, to obtain a pseudo-spin Hamiltonian
on the kagome lattice,
HXYZ =
∑
〈rr′〉
[
JzS
z
rS
z
r′ −
J±
2
(S+r S
−
r′ + h.c.)
+
J±±
2
(S+r S
+
r′ + h.c.)
]
− h
∑
r
Szr . (1)
Here, Sr are spin-1/2 operators, with a global z axis
(Szr = 1/2 =  and Szr = −1/2 = # in Fig. 1c). This
Hamiltonian cannot be solved exactly by analytical tech-
niques; however large-scale QMC simulations are possi-
ble in a parameter regime devoid of the prohibitive “sign
problem”, which occurs for J± > 0.
One can imagine a 2D QSL state arising conceptually
by considering the quantum fluctuations J± and J±± as
perturbations on the classical kagome ice limit, where
only diagonal terms Jz > 0 and h  Jz are present.
Previously, large-scale QMC simulations have been per-
formed on the kagome model in the limit J± > 0 and
J±± = 0,31,32 (a parameter regime where the Hamilto-
nian retains U(1) invariance). In that case, quantum fluc-
tuations promote an in-plane ferromagnetic (FM) phase
for h = 0, and a “valence bond-solid” (VBS – a con-
ventional symmetry broken phase) for h > 0. Thus, it
happens that fluctuations of the form induced by J± are
not sufficient to promote a 2D QSL state.
However, there remains the theoretical possibility of a
gapped Z2 QSL phase promoted by the J±± quantum
fluctuations. As detailed in the Supplemental Informa-
tion, the local constraints of classical kagome ice can be
translated into a charge-free condition on the dual hon-
eycomb lattice. Then, the full Hamiltonian (1) can be
re-cast as a system of interacting bosonic spinons cou-
pled to a compact U(1) gauge field on the dual lattice.
In the limit of J± = 0, this theory is expected to ex-
hibit two distinct phases. One is a “confined” phase,
corresponding to a conventional spin-ordered state; the
other is a “deconfined” Z2 QSL phase.
20,21,33 From these
simple arguments it is conceivable that these two phases
exist in the phase diagram of Eq. (1). In the next section,
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FIG. 2. Phase diagram of the model. (a) Phases of the model in Eq. 1 for J± = 0 as a function of function of h/Jz and
J±±/Jz. The color scale represents the zero momentum occupation f0 obtained from a Ns = 6 × 6 lattice and temperature
T = Jz/24. Magnetization (b) and uniform susceptibility (c) as a function of J±±/Jz entering the Z2 QSL lobe at fixed
h/Jz = 0.833. Note that a fully spin-polarized phase occurs for h/Jz ≥ 2, which is not illustrated in this phase diagram.
we set J± = 0 and explore this possibility for all param-
eter regimes J±±/Jz and h/Jz, using non-perturbative,
unbiased QMC simulations.
QUANTUM MONTE CARLO RESULTS
We implement a finite-temperature Stochastic Series
Expansion34–36 (SSE) QMC algorithm with directed loop
updates in a 2 + 1 dimensional simulation cell, designed
specifically to study the Hamiltonian Eq. (1) with J± = 0
(for details, see the Methods Summary). Note, this
Hamiltonian explicitly breaks U(1) invariance, retain-
ing global Z2 symmetries. By a canonical transforma-
tion, S± → ±iS±; we simulate only J±± < 0, with-
out loss of generality.21 Various measurements are pos-
sible in this type of QMC simulation. Simplest are
the standard SSE estimators for energy, magnetization
mz = 〈mˆ〉 = 〈 1V
∑
i S
z
i 〉, and uniform spin susceptibility
χz =
V
T
(〈mˆ2〉 − 〈mˆ〉2). The latter two allow us to map
out the broad features of the phase diagram. Further, we
measure the off-diagonal spin structure factor37
nαβq =
1
Ns
∑
rirj
eiq[(ri+α)−(rj+β)]〈S+ri+αS−rj+β〉. (2)
Here, ri points to the sites of the underlying triangular
lattice (containing Ns sites) of the kagome lattice (con-
taining V = 3×Ns sites). The vectors α are the position
of each site within the unit cell with respect to the vector
ri. This quantity allows us to define, for this spin Hamil-
tonian, the analogue of a condensate fraction in bosonic
systems,38,39 which detects transverse magnetic ordering.
We define f0 =
nM
V as the ratio of largest eigenvalue nM
of the “single-particle” density matrix ρi,j = 〈S+riS−rj 〉 to
the number of sites V . The eigenvalues of ρi,j coincide
with nq =
∑
α
nα,αq for a translationally invariant system.
Figure 2 shows the QMC phase diagram for the J± = 0
model of Eq. (1), using data for the condensate fraction
f0. Careful finite-temperature and finite-size scaling, per-
formed up to lattice sizes of V = L×L× 3 = 39× 39× 3
and β = Jz/T = 96, is detailed in the Supplemental
Information. The magnetization curve and the uniform
spin susceptibility across the phase boundary at fixed
h/Jz = 0.833 are presented in Fig. 2. The data clearly
indicates the existence of two magnetized “lobes” on the
phase diagram for J±±/Jz < 0.5 and h/Jz 6= 0, where
the zero-momentum condensate fraction of a surrounding
FM phase is destroyed by a phase transition (which ap-
pears to be first order). The lobes have magnetizations
of m ≈ −1/6 and m ≈ +1/6 for h/Jz < 0 and h/Jz > 0,
respectively. The FM phase has a finite uniform suscep-
tibility χz, while the lobe phases retain a small but finite
χz that can be understood by the nature of the quantum
fluctuation (S+r S
+
r′ + S
−
r S
−
r′) as a spin pair interaction,
which does not conserve the total magnetization Sztot. As
discussed above, the phase in these lobes is a candidate
for supporting a 2D QSL state.
In order to examine this hypothesis, we perform a de-
tailed search for ordered structures in the lobes. In re-
lated models, particularly the spin-1/2 XXZ model on
kagome (i.e. J±± = 0 and J± > 0),31,32 the analo-
gous lobes support a conventional VBS phase, which
is evident in the diagonal structure factor: Sαβq /Ns =
〈Sαq Sβ−q〉 − 〈Sαq 〉〈Sβ−q〉, where
Sαq =
1
Ns
∑
ri
eiq(ri+α )Szri+α. (3)
If there there is long-range order then Sq =
∑
α S
αα
q
will scale with system size for at least one value of q.
We also measure the bond-bond structure factor using a
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FIG. 3. Structure factors and absence of order in the lobe. Top: Off-diagonal nq, diagonal Sq, and bond BBq
structure factors inside the lobe for a system with Ns = 24 × 24, h/Jz = 0.8333, J±±/Jz = 0.495, and T = Jz/48. Bottom:
The corresponding finite-size scaling of candidate peaks at q values where local maxima occur in the structure factor. The
zero-momentum peak of BBq has been removed.
four-point correlation function.
BBαβq =
1
Ns
∑
rarb
eiq(ra−rb)〈BαraBβrb〉, (4)
where Bαra = S
+
iaα
S+jaα +S
−
iaα
S−jaα . Nearest neighbor sites
iaα and jaα belong to bond α in a unit cell located at
position ra. Again, if there is pair long-range order then
BBq =
∑
αBB
αα
q should scale with system size for at
least one value of q, with which we define Bq = BBq/V .
Figure 3 illustrates the various q-dependent structure
factors for spin and bond order. These structure factors
display diffuse peaks at various wave vectors, notably
q = 0, q = K = (2pi/3, 0), and symmetry-related mo-
menta. Such peaks would indicate the presence of long-
range order, should they sharpen, and survive in intensity
in the infinite-size limit, where S/V would correspond to
an order parameter squared. In the insets to Fig. 3, we
examine this through a standard finite-size scaling anal-
ysis, for several candidate peaks for each of the structure
factors. Further scaling analysis, including larger system
sizes, is presented in the Supplemental Information. In
each case, the QMC data indicates a scaling of each order
parameter to zero in the limit V →∞. Note in particu-
lar, the largest value of Bq corresponds to q = 0, which
remains finite as V →∞, meaning that the bond expec-
tation values 〈S+iaαS+jaα〉 6= 0 is finite in the lobes. This
is expected as 〈S+iaαS+jaα〉 represents the “kinetic energy”
of quantum fluctuations in the system, thus it should be
finite in all phases. More importantly, the data indicates
that in the limit of V →∞ this quantity is the same on
all bonds of the unit cell of the kagome lattice, meaning
that there is no breaking of space-group symmetry (see
Supplemental Information).
Finally, since the above data suggests the existence of
a phase that is homogeneous, disordered, and quantum-
mechanically fluctuating at extremely low temperatures,
one should also examine whether the energy for excita-
tions out of this ground state is gapped or gapless. Al-
though a direct measurement of the gap is not possi-
ble in this type of SSE QMC method, we can indirectly
probe its existence by looking at the decay of real-space
correlations. In Fig. 4, we compare the decay of single-
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FIG. 4. Exponential decay of correlation functions.
The off-diagonal spin correlation function as a function of
distance along the xˆ direction for a system with Ns = 24×24
and T = Jz/48. The dashed line corresponds to a fit of the
numerical data to the function f (d) = c− d
ξ
− α ln d
5particle correlations between the mz = ±1/6 magnetiza-
tion lobes, and the adjacent FM ordered phase. For the
system size studied, it is clear that that correlations in
the lobe are consistent with exponential decay, and there-
fore indicative of a gap. In contrast, in the FM phase the
correlations quickly reach a finite value, indicating sym-
metry breaking. Similarly, the diagonal part of the spin
correlation function is consistent with exponential decay
both in the lobes and in the FM phase (not illustrated).
Thus, our QMC results have elucidated a phase di-
agram for our kagome pseudo-spin XYZ model (with
J± = 0) which contains a predominant FM phase, sur-
rounding “lobes” of an exotic disordered mz = ±1/6
magnetization phase. Since our dual gauge theory (de-
tailed in the Supplemental Information) indicates that
these lobes may realize a QSL with an emergent Z2 gauge
symmetry, it is clear that further simulation work should
be carried out to address this hypothesis. To confirm the
presence of a Z2 QSL, one requires evidence of either ex-
citations consistent with this gauge structure (e.g. mag-
netic spinons or non-magnetic visons at non-zero temper-
ature), or a smoking gun such as the topological entangle-
ment entropy.40,41 Such evidence, although demonstrated
in the past with SSE QMC,42,43 is resource-intensive to
obtain, requiring high numerical precision at very low
temperatures, and thus outside of the scope of the present
manuscript.
However, we also note that, due to the presence of
only a discrete symmetry in our kagome XY Z model,
an emergent Z2 structure is not strictly required by
the Lieb-Schultz-Mattis-Hastings (LSMH) theorem,44–46
which states that a system with half-odd-integer spin in
the unit cell cannot have a gap and a unique ground
state. In higher-symmetry Hamiltonians, the require-
ments of the LSMH theorem are satisfied in a gapped
QSL phase by the topological degeneracy, which is a con-
sequence of the emergent discrete gauge symmetry. For
our Hamiltonian with a gapped QSL arising in a model
with only global discrete symmetries, an emergent gauge
structure is not required. Rather, it is possible that the
groundstate is a quantum paramagnet. On the other
hand, other types of emergent gauge structure, topolog-
ical order, or other exotic phenomena are theoretically
possible. Fortunately, the nature of this Hamiltonian,
which is among the first to show a 2D QSL phase with
only nearest-neighbor interactions, lends itself exceed-
ingly well to study by sign-problem-free QMC simula-
tions. We therefore expect a large number of studies in
the near future will help elucidate the precise nature of
this QSL phase.
CONCLUSION AND OUTLOOK
Through extensive quantum Monte Carlo (QMC) sim-
ulations, we have studied a sign-problem-free model
of frustrated quantum spins interacting on a two-
dimensional (2D) kagome lattice. This model is dece-
dent from a more general quantum XYZ Hamiltonian
discussed by Huang, Chen and Hermele,21 derived for the
three-dimensional pyrochlore lattice, when subject to a
magnetic field along the [111] crystalographic direction.
For a large range of Hamiltonian parameters, the QMC
data uncovers an exotic disordered phase which breaks
no symmetries, has strong quantum mechanical fluctua-
tions and exponentially decaying correlations – a gapped
quantum spin liquid (QSL) phase. This discovery is con-
sistent with an analytical dual gauge theory (detailed in
the Supplemental Information), which indicates that, in
the limit of small quantum fluctuations, the phase could
be a 2D QSL with an emergent Z2 gauge symmetry.
Our work suggests a new experimental avenue to search
for the highly-coveted QSL phase in two dimensions. Pre-
vious efforts have focussed largely on SU(2) Hamilton-
ains on kagome or triangular lattice materials.6,7 In con-
trast, we propose to concentrate the search on the quan-
tum spin ice pyrochlore materials, subject to an external
field along the [111] direction. Such kagome ice phases
have been identified in various materials in the past.
A closer look at several quantum spin ice candidates is
warranted, particularly in materials where strong quan-
tum fluctuations are known to exist, such as Tb2Ti2O7,
Yb2Ti2O7, Pr2Zr2O7, and Pr2Sn2O7. Also, in light of
recent experiments47 which suggest that the oft-studied
classical spin ice state is only metastable in Dy2Ti2O7, it
would seem prudent to re-examine the kagome ice state
of this material using similar long-timescale techniques,
to ascertain whether evidence of a QSL state may be
present yet dynamically inhibited in the short-timescale
studies performed to date.
METHODS SUMMARY
We developed a Stochastic Series Expansion34 (SSE)
QMC algorithm in the global Sz basis designed to study
the Hamiltonian Eq. (1) with J± = 0 at finite tempera-
ture, using a 2 + 1-dimensional simulation cell. Within
the SSE, the Hamiltonian was implemented with a tri-
angular plaquette breakup,36 which helps ergodicity in
the regime where Jz/J±± is large. Using this Hamilto-
nian breakup, the standard SSE directed loop equations35
were modified to include sampling of off-diagonal opera-
tors of the type S+r S
+
r′ + h.c. The resulting algorithm is
highly efficient, scaling linearly in the number of lattice
sites V and the inverse temperature β. This scaling is
modified to V 2β in the cases where a full q-dependent
structure factor measurement is required.
The program was implemented in Fortran and verified
by comparing results for small clusters with exact diag-
onalization data. For each set of parameters in Eq. (1),
the simulation typically requires 107 QMC steps, with
approximately 10% additional equilibration steps. The
data presented in this paper required computational re-
sources equivalent to 100 CPU core-years, run on a high-
performance computing (HPC) cluster with Intel Xeon
6CPUs running at 2.83 GHz clock speed.
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SUPPLEMENTAL INFORMATION
Effective gauge theory
To understand the possible phases of the Hamiltonian
(1), we concentrate on its classical limit first:
H = Jz
∑
〈rr′〉
SzrS
z
r′ − h
∑
r
Szr . (5)
At h = 0, the energy is minimized by any spin configu-
rations with two spins up (down) one spin down (up) on
every triangle. The number of such spin configurations
increases exponentially with the system size. A finite
magnetic field h > 0 partially lifts the extensive degen-
eracy: the energy of (5) is minimized by any spin config-
uration with two spin pointing up and one spin pointing
down on each triangle48. The ground state degeneracy
remains extensive. It has been well established that that
the manifold of such states can be described by electric
flux configurations with no charges present49.
To make the assertion explicit, we use x to label the
centers of triangles forming a honeycomb lattice. r labels
sites on the kagome lattice. A nearest neighbor bond
〈xx′〉 connecting sites x and x′ on the honeycomb lattice
goes through site r on the kagome lattice. We translate
Szr to electric flux Ex,x′ using the following relation (see
Fig.1(c) and Fig.5):
Ex,x+ηxµˆ = ηx
[
1
6
− Szr
]
(6)
where ηx = ±1 if site x belongs to A or B sublattice of the
honeycomb lattice. µˆ (µ = 1, 2, 3) are the three vectors
connecting site x with its nearest neighbors. 1ˆ = (0, 1),
2ˆ = (
√
3/2,−1/2) and 3ˆ = (−√3/2,−1/2). The total
charge on site x satisfies the Gauss’s law:
Qx =
3∑
µ=1
Ex,x+ηxµˆ. (7)
Use these relations, we rewrite (5) as:
H =
∑
x
[
Jz
2
Q2x −
Jz − h
2
ηxQx
]
. (8)
By construction Qx is constrained to take only integer
values. For h > 0, it is now explicit that the ground states
of the classical model (5) correspond to divergence-free
electric field configurations, or Qx = 0.
We now turn our attention to transverse Hamiltonian
terms. A transverse operator, S+r for example, cre-
ates a pair of positive and negative charges. We follow
Savary and Balents19 to introduce conjugate operator φx:
[φx, Qx′ ] = iδxx′ . S
+
r is mapped to:
S+r = e
iηx(φx−φx+µˆ)s+xµ ≡ ψηxx s+xµψ−ηxx+ηxµˆ. (9)
8FIG. 5. Divergence-free gauge field configuration on the
honeycomb lattice corresponding to the pseudo-spins config-
uration in Fig.1(c). Blue (orange) arrows indicate electric flux
of 1/3 (2/3).
Here ψ±x increases or decreases Qx by 1 and s
+
xµ =
s+x+µˆ,µ. Using (8), and (9), we write (1) as:
H =
∑
x
[
Jz
2
Q2x −
Jz − h
2
ηxQx −
J±
2
∑
µ<ν
(
ψηxx s
+
xµs
−
x+ηxµˆν
ψ−ηxx+ηx(µˆ−νˆ) + h.c
)
− (10)
J±±
2
(
ψηxx ψ
ηx
x s
+
xµs
+
xνψ
−ηx
x+ηxµˆ
ψ−ηxx+ηxνˆ + h.c
)]
.
The Hamiltonian is invariant under a local U(1) gauge
transformation:
ψ±x → ψ±x e∓iαx , (11a)
s+xµ → s+xµeiηx(−αx+αx+ηxµˆ). (11b)
The azimuthal angle of pseudo spin sr is the vector gauge
field 0 ≤ Axµ < 2pi: the gauge theory is compact.
Equation (10) is our main result. The low energy
physics of the spin model (1) is thus described by bosonic
matter interacting with a U(1) compact gauge field. The
theory possesses two types of ground states.33 The first
class consists of confined phases where either matter
fields are confined or charge 1 particles are condensed.
In terms of spins, such phases correspond to long-range
ordered phases where some symmetry of the Hamilto-
nian is broken. For the other category of ground states,
charge n (n > 1) excitations are condensed. The result-
ing phase, the so-called charge-n Higgs phase, does not
need to break any symmetry of the Hamiltonian, pos-
sesses local Zn gauge structure and intrinsic topological
order. These are the Zn spin liquids. The simplest ex-
ample is the Z2 spin liquid with n = 2. In such a state,
the spinon pairing introduces a mass to the gauge field,
much like the condensation of cooper pairs in a supercon-
ductor generates a mass to the gauge field. This means
that, at low energies, the local gauge redundancy reduces
from U(1) to Z2 through the Anderson-Higgs mechanism.
Both the gauge field and the spinons should be gapped,
which is corroborated in our simulations in the sense that
both diagonal (gauge field) and off-diagonal (spinon) spin
correlation functions are consistent with an exponential
decay as a function of distance.
A simple mean-field decoupling of the spinon interac-
tion term in Eq. (10) for J± = 0 provides further insight
into the properties of possible phases. We decompose
the four-rotor term in both the hopping channel and the
pairing channel20,21 through the following mean-field pa-
rameters:
g ≡ 〈ψ+xψ−x+ηxµˆ〉, (12a)
n ≡ 〈ψ+xψ+x 〉 = 〈ψ−xψ−x 〉, (12b)
f ≡ 〈ψ+x+ηxµˆψ+x+ηxνˆ〉 = 〈ψ−x+ηxµˆψ−x+ηxνˆ〉. (12c)
A finite g indicates semi-classical long-range order since
〈S+〉 = 〈s+〉〈ψ†xψx+ηxµˆ〉 ∼ g; this is the FM phase ob-
tained in our numerical simulations. On the other hand,
finite n and f with g = 0 represents a state with con-
densed double charged matter fields. It is a gapped
Z2 spin liquid state.
20,21,33 We find that in the lobes
〈S+r 〉 ∼ g vanishes while 〈S+r S+r′〉 ∼ nf remains finite,
in agreement with a Z2 spin liquid phase.
Absence of breaking of rotational invariance
In Fig. 6 we show a finite-size scaling of both the order
parameter f0, as well as the zero-momentum bond occu-
pation B0, across the transition between the FM phase
and the disordered phase in the lobes for T = Jz/24.
Outside the lobes both f0 and B0 remain finite as V →
∞, whereas in the lobes f0 vanishes (see Fig. 6(c)) but
B0 remains finite (see Fig. 6(d)). Notice that because B0
is finite, the state in the lobes can still break the rota-
tional symmetry of the lattice by having different expec-
tation values of 〈Bαra〉 over the 6 independent bonds per
unit cell in the kagome lattice. This potential symmetry
breaking can be quantified by analyzing the size scaling
of the different sublattice occupations Bαβ0 = BB
αβ
0 /V .
In the thermodynamic limit, they are all expected to be
equal if the system does not break rotational symme-
try. In Fig. 7 we show the finite-size scaling of several
matrix elements Bαβ0 in the FM phase and in the lobes
(Fig. 7(a) and Fig. 7(b), respectively). The finite-size
scalings clearly suggest that the different Bαβ0 converge
to the same value as V → ∞. Using a linear fit to the
finite-sized data, we evaluate the extrapolated matrix el-
ements lim
V→∞
BBαβ0 /V in the FM phase and in the lobes,
as shown in Fig. 8(a) and (b). These are consistent with
a picture where there is no breaking of rotational invari-
ance in both the FM and in the lobe phases.
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FIG. 6. (a) Finite-size scaling of the “single-particle” zero-
momentum occupation f0 across the phase transition between
the ferromagnet and the disordered phases in the lobes. (b)
Same as in (a) but for the bond zero-momentum bond occu-
pation B0. Figures (c) and (d) zoom in the size scalings in
the lobes for f0 and B0, respectively. The temperature is set
to T = Jz/24.
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FIG. 7. The finite-size data for different BBαβ0 as a function
of 1/V in the FM and in the lobe ((a) and (b), respectively).
Finite-size scaling inside the lobe for larger system
sizes and T = Jz/16.
In Fig. 9 we re-examine the finite-size scaling of the
most relevant candidate peaks in the structure factors
presented in Fig. 3 using larger system sizes and higher
temperature. The parameters of the simulations are
h/Jz = 0.8333, J±±/Jz = 0.495, and higher T = Jz/16.
The largest cluster in the Fig. 9 corresponds to Ns =
11 12 13 14 15 16 22 33 44 55 66
αβ
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FIG. 8. The limit of V →∞ of several matrix elements BBαβ0
as a function of the matrix indices αβ in the FM phase and
in the lobes ((a) and (b), respectively).
39 × 39, which happens to accomodate the two relevant
reciprocal lattice vectors 0 and K. The continuous lines
represent linear fits to the numerical data and the extrap-
olations to the limit of V →∞ are stable within the error
bars upon removal of the smaller system sizes. These re-
sults obtained on larger clusters support the conclusion
the phases in the lobes correspond to magnetically disor-
dered phases.
Spin structure factors in the lobe at T = Jz/96.
In figure 10 we present the structure factors inside the
lobe for for a system with h/Jz = 0.8333, J±±/Jz =
0.495, and T = Jz/96, on a cluster with Ns = 24 × 24.
The data confirm that at the lowest temperature reached
in our simulations, the conclusions about the existence of
a magnetically disordered phase in the lobes still holds.
Details of the FM phase and absence of a phase
transition at zero field
In figure 11 we present results for spin correlation
functions just outside the upper 1/3-magnetization lobe.
Both nq and BBq exhibit diverging peaks at zero mo-
mentum (which have been removed in the figures), while
the diagonal structure factor Sq does not. The fact that
f0 remains finite in outside the lobe together with the
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FIG. 9. Finite-size scaling of the structure factors S0 (a), SK (b), n0/V (c), BBK and BB0 (d). The maximum system size
in the figures corresponds to V = 39× 39× 3. The temperature is set to T = Jz/16, while h/Jz = 0.8333 and J±±/Jz = 0.495.
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FIG. 11. Off-diagonal nq, diagonal Sq, and bond BBq structure factors in the FM phase for a system with Ns = 24 × 24,
T = Jz/48, and h/Jz = 0.8333. The zero-momentum peaks of nq and BBq have been removed.
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FIG. 13. The “condensate fraction” f0 and the uniform
magnetic susceptibility χz, ((a) and (b),respectively), as a
function of J±±/Jz and system size at zero magnetic field h
and T = Jz/96.
absence of diverging peaks in Sq means that the spins
order in the XY plane.
To clarify the nature of this ordered phase, we analyze
the sublattice zero-momentum occupation nαβ0 through
finite-size scaling shown in figure 12. In the limit of
V → ∞, we expect that in an ordered phase the matrix
elements fαβ0
def
= lim
Ns→∞
nαβ0 /Ns = 〈S+α 〉〈S−β 〉, i.e., they
coincide with products of expectation values of the spin
operators, which we extract from linear extrapolations of
our data in figure 12. The resulting matrix is 0.42060 0.42053 0.420570.42059 0.42053 0.42057
0.42059 0.42053 0.42057
± 10−5
 6 2 26 2 2
6 2 2
 (13)
The fact that all matrix elements are real, positive, and
have same magnitude means that the three spins in the
unit cell are either aligned or antialigned along the x di-
rection (consistent with the two possibilities given the Z2
symmetry of the Hamiltonian), thus the ground state is
a ferromagnet. This is consistent with spin-wave theory
calculations and with the expectation that in the limit of
large J±±  Jz, when the terms −
(
S+r S
+
r′ + S
−
r S
−
r′
)
=
2 (−SxrSxr′ + SyrSyr′) dominate, the spins gain energy by
aligning solely along the x axis, where the spin interac-
tion is unfrustrated. Finally, the zero-field results for
the order parameter f0 and the uniform spin suscep-
tibility are shown in Fig. 13(a) and (b). The results
clearly point towards the absence of a phase transition
as J±±/Jz is decreased. The FM phase remains stable
down to J±±/Jz = 0 where the extrapolated order pa-
rameter f0 is about 11% of its maximum value, which
occurs exactly at the U(1) symmetric point J±±/Jz = 1.
Similarly, the uniform susceptibility appears to be finite
in the limit J±±/Jz → 0. This scenario is similar to what
happens in the spin-1/2 XXZ model on kagome lattice,
where numerical evidence shows that a FM phase per-
sists down to J±/Jz → 0,31 which was understood as the
absence of vortex condensation in a duality analysis of
the model.31,50
